Abstract. We consider a two-dimensional problem of scattering of a time harmonic electromagnetic plane wave by an in nite inhomogeneous conducting or dielectric layer at the interface between semi-in nite homogeneous dielectric half-spaces. The magnetic permeability is assumed to be a xed positive constant. The material properties of the media are characterized completely by an index of refraction, which is a bounded measurable function in the layer and takes positive constant values above and below the layer, corresponding to the homogeneous dielectric media. In this paper, we only examine the TM (transverse magnetic) polarization case. A radiation condition appropriate for scattering by in nite rough surfaces is introduced, a generalisation of the Rayleigh expansion condition for di raction gratings. With the help of the radiation condition the problem is reformulated as an equivalent mixed system of boundary and domain integral equations, consisting of second kind integral equations over the layer and interfaces within the layer. Assumptions on the variation of the index of refraction in the layer are then imposed which prove to be su cient, together with the radiation condition, to prove uniqueness of solution and non-existence of guided wave modes. Recent, general results on the solvability of systems of second kind integral equations on unbounded domains establish existence of solution and continuous dependence in a weighted norm of the solution on the given data. The results obtained apply to the case of scattering by a rough interface between two dielectric media and to many other practical con gurations.
1. Introduction. Consider a time harmonic electromagnetic plane wave incident on a layer of some inhomogeneous, isotropic, conducting or dielectric material in R 3 : The media, above and below the layer, consist of some homogeneous dielectric materials. Adopting Cartesian axes 0x 1 x 2 x 3 ; we assume throughout that the material is invariant in the x 3 direction. Thus, in e ect, the problem geometry is twodimensional. Further, we assume that the magnetic permeability is a xed positive constant. The material properties of the media are then characterized completely by an index of refraction, dependant on the permittivity and conductivity, which is supposed a bounded measurable function in the layer and takes positive constant values above and below the layer. The scattering problem is to study the electromagnetic eld distributions. In this paper we rst formulate the scattering problem as a boundary value problem for the reduced wave equation (Helmholtz equation), using a radiation condition recently introduced for problems of scattering by in nite one-dimensional rough surfaces and interfaces 4, 5, 7, 8, 9] , which is a generalisation of the usual radiation condition used in the study of plane wave di raction by one-dimensional periodic gratings (see e.g. 23, 1, 2, 4, 19, 20, 25] ). We next, in Section 3, derive a novel integral equation formulation of the problem, as a system of coupled second kind domain and boundary integral equations, over the layer and over interfaces within the layer, and establish that this formulation is equivalent to the formulation as a bound-ary value problem. The radiation condition imposed does not rule out guided waves, localised in the inhomogeneous layer, which are thus solutions of the homogeneous boundary value problem and the homogeneous integral equation formulation. From Section 4 onwards we make restrictions on the variation of the index of refraction in the layer. Under these restrictions we establish, in Section 4, an a priori inequality satis ed by any solution. Using this inequality, a key lemma from 8], and extensions of arguments in 7, 31] , uniqueness results and hence conditions for the non-existence of guided wave modes are established in Section 5. In Section 6, existence of solution is established by employing a novel form of Fredholm alternative based on general results on the solvability of systems of integral equations on unbounded domains in 10] .
The assumptions we impose on the index of refraction from Section 4 onwards are satis ed in many practical cases. In particular, the results obtained apply to the case of scattering by a rough interface between two dielectric media, and to scattering by a homogeneous layer with rough interfaces with the media above and below, provided that the wavenumbers in the layer (k ) and in the media above (k + ) and below (k ? ) satisfy either that =k > 0 or that max(k ? ; k + ) > k . For a precise statement of the cases covered see Section 2. Our conclusion that no guided waves exist if max(k ? ; k + ) > k or =k > 0 is in agreement with explicit analytical calculations of guided wave modes for the case of plane interfaces between the layer and the media 24] .
Integral equation methods have been widely used in the theoretical and numerical study of wave scattering by nite obstacles or local inhomogeneities (see, e.g., 12, 13] and the references quoted there). More recently they have been employed to study scattering by periodic structures 11, 17, 19, 20, 22] and by a nonstrati ed local inhomogeneity in a strati ed medium 30] . Integral equation formulations have also been used extensively in computations of wave scattering by in nite one-and twodimensional rough surfaces and interfaces (see e.g. 26, 14, 21, 29] and the references quoted there), but little attention appears to have been paid in the literature to their mathematical justi cation (a recent exception is 15] ).
This present paper is intended, in part, as a contribution to the mathematical analysis of rough surface scattering problems and of the well-posedness of their formulation as integral equations. It is related, in terms of results and methods of argument, to recent studies of scattering of a wave incident from a homogeneous half-space onto an inhomogeneous impedance plane 5]; of electromagnetic waves by a one-dimensional perfectly conducting rough surface 6, 8] ; of electromagnetic waves by an inhomogeneous conducting or dielectric layer on a perfectly conducting plate 7]; and of acoustic waves by an inhomogeneous layer on a rigid plate 31]. In particular, the present study is closest to this last paper 31] , in that the existence proof depends on the same novel results on the solvability of systems of weakly singular second kind integral equations on unbounded domains. However, the whole space problem considered here requires a substantially more elaborate uniqueness proof and integral equation formulation, related to the presence of transmitted as well as re ected waves, in contrast to the half-plane problems considered in 5, 6, 8, 7, 31] . In these latter papers moreover integral equation formulations using half-plane Green's functions appear natural: the formulation, as proposed here, of the whole space problem as a system of integral equations in overlapping half-planes, using half-plane Green's functions, is surprising, but proves powerful in establishing uniqueness and existence results. This paper can also be viewed as a generalisation of the results of Bonnet-Bendhia and Starling 3] and Szemberg 25] , who study plane wave scattering by an inhomogeneous periodic layer. In fact, our uniqueness results derive in part from those of Bonnet-Bendhia and Starling 3] and Szemberg 25] , and include some of their results for a periodic layer as special cases; but note that our results are obtained without an a priori assumption of quasiperiodicity of the scattered eld. We also note that our existence arguments, based on integral equation methods, di er from the variational methods used in 3] and 25] which appear restricted to the periodic case. We further point out that, while integral equation based existence proofs are common (and more straightforward) in the periodic, di raction grating case (e.g. 19, 11]), they usually fail for a discrete set of combinations of grating period and angle of incidence at which the integral equation formulation is unde ned. Our results show that, at least in the two-dimensional case, this problem can be avoided by use of a half-plane rather than a whole space Green's function in the integral equation formulation. A nite element method for the case of plane wave scattering by an inhomogeneous periodic layer is analysed in 1]. We remark that, besides the theoretical use to which the formulation is put in this paper, we anticipate that the novel integral equation formulation we derive in Section 3 may also be of value for numerical computation. We point out that the integral operators in our formulation are exclusively of convolution type or are products of convolution and multiplication operators, so that, after discretization, the matrix vector multiplications required in an iterative solution scheme can be performed e ciently using the FFT (see 27 ) denote by @ j v, j = 1; 2, the derivative @v(x)=@x j . Finally, for A > 0, x 2 R 2 , let B A (x) = fy 2 R 2 j jy ? xj < Ag.
2. The scattering problem and radiation conditions. Let us assume that R 3 is lled with an inhomogeneous, isotropic, conducting or dielectric medium of electric permittivity > 0; magnetic permeability > 0 and electric conductivity 0: Suppose that the medium is nonmagnetic, i. e., the magnetic permeability is a xed constant in R 3 ; and that the elds are source free. Then the electromagnetic wave propagation is governed by the time-harmonic Maxwell equations time dependence where E and H are the electric eld and magnetic eld, respectively. In this paper, it is assumed that the medium is invariant in the x 3 direction, i.e., = (x) and = (x) with x = (x 1 ; x 2 ) 2 R 2 : Also, we restrict ourselves to the TM (transverse magnetic) polarization case, that is, the electric eld E is assumed to point along the x 3 axis. Let E = (0; 0; u); where u = u(x) is a scalar function. Then it follows from the Maxwell equations (2.1)-(2.2) that u satis es the reduced wave equation u + k 2 u = 0 in R 2 ; (2.3) where is the Laplacian in R 2 and k 2 = ! 2 1 + i =(! )] so that =(k 2 ) 0:
We make additionally throughout the following assumptions on k:
(A1) k 2 L 1 (R 2 ): (A2) There are positive constants B; k + and k ? such that k(x) = k + for x 2 U B ; = k ? for x 2 R 2 nU:
These two assumptions are su cient (together with the radiation conditions we introduce below) to derive, in Section 3, an equivalent integral equation formulation of the problem. In Sections 4 and 5 we address the question of uniqueness of solution which is related to the question of existence or otherwise of guided wave solutions of the homogeneous problem.
We remark that the radiation conditions we will impose will ensure that the scattered eld does not contain a downwards propagating component and that the transmitted wave does not contain an upwards propagating component, but (in common with the usual radiation condition for plane wave incidence on periodic gratings) will not rule out solutions of the homogeneous problem which are guided waves localised in the inhomogeneous layer (see Theorem A.1 in the appendix, where a precise de nition of a guided wave in this context is given). Thus, to prove any uniqueness result, we will have to impose additional conditions (on k) which rule out guided waves. In other words (and more positively), any uniqueness proof will simultaneously establish conditions for the non-existence of guided waves.
The additional requirements for our uniqueness proof (Sections 4 and 5) and to prove existence of solution (Section 6) are that Assumption (A3) is satis ed or that both of Assumptions (A4) and (A5) below are satis ed.
(A3) There exist constants 1 ; 2 ; , and , with 1 > 0; 1 > 2 > 0 and 0 < B, such that =(k 2 (x)) 1 for almost all x 2 E , =(k 2 (x)) 2 To clarify the above assumptions we list some practically important cases in which they are satis ed:
(i) Suppose that k + 6 = k ? and, for some f 2 L 1 (R); that k(x) = k + ; x 2 > f(x 1 ); = k ? ; x 2 < f(x 1 ); and assume, without loss of generality, that f( In order to determine the physical solution u; a radiation condition as x 2 tends to in nity has to be imposed on the scattered eld u s = u ? u i in U B , that is, the scattered eld u s should behave as an outgoing wave as x 2 ! +1: Similarly, the transmitted eld u in R 2 nU should behave as an outgoing wave as x 2 ! ?1: The standard Sommerfeld radiation condition is not appropriate in this context as we cannot expect that the scattered and the transmitted elds will decay at in nity. We will use a radiation condition proposed which holds for some constant C > 0 dependent only on k :
The next lemma states properties of the upward propagating radiation condition needed later and, in particular, shows that, for h 2 R; a radiating solution for wavenumber k in U h (R 2 nU h ) satis es the UPRC (DPRC) for wavenumber k : We rst remark that the DPRC can be expressed, through re ection, in terms of the UPRC: For convenience, we state now a local regularity estimate used throughout the paper. In what follows we are concerned with deriving an equivalent integral equation formulation of Problem (P) and with establishing unique solvability for Problem (P), employing integral equation methods.
3. An integral equation formulation. For h 2 R let y 0 h = (y 1 ; 2h ? y 2 ) be the image of y in ? h and de ne G h (x; y) = (x; y; k ) ? (x; y 0 h ; k ); x; y 2 R 2 ; x 6 = y: Then G h is the Dirichlet Green's function for +k 2 in the half-planes U h and R 2 nU h .
It follows from 6, Lemma 3.1] that, for some constant C depending only on k and h; jG h (x; y)j; jr x G h (x; y)j; jr y G h (x; y)j C (1 + x 2 )(1 + y 2 ) jx ? yj 3=2 The next two lemmas state properties of volume and surface potentials of the type appearing in (3.4) and (3. for some constant C > 0 depending only on the choice of :
Now, for any r; t 2 R; (4.14)
In the general case when k 2 L 1 (R 2 ), let (x) = <(k 2 (x)), (x) = (x 2 ? )ju(x)j 2 and, for h 2 R, let h (x) = (x + he 2 ), h (x) = (x + he 2 ). 5. Uniqueness of solution. In this section we establish the following uniqueness theorem for Problem (P). Theorem 5.1. If (A3) holds or both (A4) and (A5) hold, then Problem (P) has at most one solution.
We prove this theorem by showing that the homogeneous version of Problem (P) has only the trivial solution. Since guided waves are solutions of the homogeneous problem (see the de nition and Theorem A.1 in the appendix), we have immediately the following corollary.
Corollary 5.2. If (A3) holds or both (A4) and (A5) hold, then there are no guided wave solutions to the homogeneous problem.
In the proof of Theorem 5.1 we utilise the following two lemmas, of which the rst is a special case of Lemma A in 8]. where w = (w (1) ; w (2) ); K w is de ned by (6.5), (6.4), and (6.3), 2 = 4 = 0; j (y) = u i (ŷ) + u r (ŷ); y 2 j ; j = 1; 3; and 3 ; 4 2 BC(R) are de ned by 3 (y) = 2 (ŷ), 4 (y) = 1 (ỹ), y 2 R. Proof. The existence of a unique solution to Problem (P) follows from Theorems 3.1, 3.4, and 6.3. To derive the estimate (6.9) we note from the equivalence of (i) and ju(x)j; x 2 U B ; (6.11) for some constant C > 0 dependent only on k + ; which together with Theorem 6.3
implies the estimate (6.9) for x 2 U: The estimate (6.9) for x 2 R 2 nU can be proved similarly by using Lemma 2.4.
Appendix: guided waves. By a guided wave we mean a solution of the homogeneous problem which has its energy localised in or near the layer E B . Precisely, for a < b; let D(a; b) = fx 2 R 2 ja < x 1 < bg: Then our de nition is as follows. The following result follows from Theorem 8.1 in 7] and Remark 2.1.
Theorem A.1. If v is a guided wave, then v satis es the UPRC for wavenumber k + and the DPRC for wavenumber k ? :
